The three dimensional harmonic oscillator model including a cranking term is used for an energy variational calculation. Energy minima are found under variation of the three oscillator frequencies determining the shape of the system for given values of the three components of the rotational vector which determines the orientation of the angular momentum in the intrinsic frame. Tilted rotations are established by numerical means for triaxial nuclei. The onset of tilted rotations is related to an instability of the mean field as verified by the random phase approximation. Analytic expressions are derived for the critical rotational frequencies associated to the mean field instability.
I. INTRODUCTION
Numerous experimental observations of well developed rotational bands implying ∆I = 1 sequences (see for a review [1] ) raises the question about mechanisms creating such collective states. The conventional description within the Cranking Shell Model (CSM) [2] suggests the ∆I = 2 sequence of rotational states. As is well known, in the CSM the axis of rotation coincides with the principal axis of the density distribution of the nucleus (principal axis cranking or PAC). As a result, the CSM Hamiltonian adheres to the D 2 spatial symmetry with respect to rotation by the angle π around the rotational axis, for instance, the x− axis. Consequently, all rotational states can be classified by the quantum number called signature r = exp(−iπα) leading to selection rules for the total angular momentum I = α + 2n, n = 0, ±1, ±2 . . .. In particular, in even-even nuclei the lowest rotational (yrast) band characterised by the positive signature quantum number r = 1 (α = 0) consists of even spins only.
It was suggested [3] that non-principal axis rotations which invalidate the concept of signature symmetry is responsible for rotational bands with ∆I = 1 sequences.
This idea has led to considerable experimental and theoretical efforts during the past few years [1] . Related questions have been addressed recently in connection with effects of superfluidity in a trapped Bose-Einstein condensate (BEC) [4] .
For a nucleus, the non-principal axis rotation is considered stationary. For the BEC, a precession of the symmetry axis is assumed for the condensate around the symmetry axis of the confining trap with the precession frequency being fixed by the angular momentum carried by the vortex line. A quantised vortex is aligned along the symmetry axis of the condensate carrying one unith of angular momentum per particle. Similarly, the precessional motion of the principal axes in the nucleus creates vibrational (wobbling) excitations above the yrast line [5, 6] . Notice that in this case the wobbling excitations are quantum mechanical fluctuations of the angular momentum around a fixed principal axis of the mean field generated by the CSM. These excitation carry one unit of angular momentum, similar to the vortex in the BEC, and corresponding states may be associated with odd spin partners of the gamma band in a rotating nucleus at low angular momenta [7] . It has been demonstrated [8] that at a high rotational frequency the wobbling excita-tions become particularly low. Similar to the transition from spherical to deformed nuclei [9] when quadrupole excitation energies tend toward zero, an analogous mechanism is expected to prevail in that for vanishing wobbling excitations the nucleus undergoes a transition to tilted rotation as the energetically favoured state. The analysis of the link between tilted rotation and wobbling motion is one major aspect of the present paper.
In fact, a planar tilted rotation effecting the transition from the normal to the superfluid phase has been discussed within the phenomenological two-phase model [10] . The first microscopic attempt to describe a nonprincipal axis rotation has been carried out in [11] using the triaxial cranked oscillator model (TCO) with constant angular frequency (see for a review of latest studies [1] ). However, the TCO calculations employ a fixed triaxial deformation. The violation of the self-consistency between rotation and evolution of shape parameters is a serious drawback of this model. In the present paper we investigate the occurrence of tilted rotation using the self-consistent triaxial cranked oscillator model. The model guarantees full self-consistency at all rotational frequencies and all particle numbers. A major outcome of the present paper is the result that, in even-even nuclei, tilted rotations occur if and only if the nucleus has a triaxial shape in its ground state. The pairing interaction could have an effect upon the conclusions drawn in the present paper. However, its role is less important at high spins where tilted rotations should be observed [1] . On a technical footing, it involves additional variational parameters which complicates the minimisation procedure. Therefore, we exclude in our model the pairing interaction. The transparency of the model which provides a general tendency of the phenomena and the succinct results compensate for this shortcoming.
In Sec.II we review the main features of our model.
The discussion of the main results is presented in Sec.III and a short summary in Sec.IV. Technical details are deferred to Appendices. First preliminary results have been reported in [12, 13] .
II. THE MODEL
The many-body Hamiltonian (Routhian) in the rotating frame is given by
where the single particle triaxial harmonic oscillator
Hamiltonian h 0 is aligned along its principal axes and
The rotational vector Ω of the cranking term has the com-
In the Appendix A it is shown how this Hamiltonian is cast into the form The knowledge of the eigenmodes and eigenfunctions enables us to calculate energy contours of the total energy 
The ground state is determined by filling the singleparticle levels from the bottom. We take care of the particle spin only in obeying the Pauli principle which allows two particles in one level; also we consider only one kind of nucleons, protons or neutrons. It is clear that different sets of normal modes yield different sets of occupation numbers. A pronounced shell structure can exist only for special sets of normal modes. Correspondingly, all spherical shells will be strongly mixed in our model, in particular the ∆N = 2 mixing is taken into account exactly. In this way we go beyond the calculation of [2, 17] where mixing between major oscillator shells is ignored.
The normal modes depend on the three components of the rotational vector and on the harmonic oscillator frequencies. From our assumption that the system adjusts itself under the influence of the rotation by minimising E tot , a change of the magnitude or direction of the rotation leads to a corresponding change of the effective mean field potential which is given by the oscillator frequencies.
In other words, for a given rotational frequency, we must seek the minimum of E tot under variation of the oscillator frequencies. The variation cannot be unrestricted as the confining potential encloses a fixed number of particles, and assuming that the particle density does not change we are led to a fixed volume constraint
The volume constant is chosen in units where frequencies are given in MeV and lengths in Fermi. Introducing the Lagrange multiplier λ, we solve the variational problem
where |g denotes the ground state as described above.
From Eq. (6) we obtain, after differentiation with respect to the oscillator frequencies and using Feynman's theorem [18] 
the self-consistency condition
which must be obeyed at the minimum of E tot . Notice, that Eq.(8) becomes a general result which includes as a particular case the cranking harmonic oscillator with the PAC rotation around the x-axis [16] . The condition serves as an acid numerical test. Note that it is fulfilled irrespective of the minimum being local or global.
For Ω = 0 we recover the well known magic numbers of the triaxial harmonic oscillator for one type of particles (proton or neutron) [9] at N = 20, 40, 70, 112, . . . which manifest themselves in our procedure by the spherical symmetric solutions ω x = ω y = ω z . Between these magic numbers the well known prolate or triaxial near prolate and oblate or triaxial near oblate solutions are found, where a (near) prolate solution (ω x ω y > ω z ) is obtained for a shell which is less than half completed and a (near) oblate solution (ω x ω y < ω z ) for a more than half completed shell. In Fig.1 If such minimum is found for θ = 0 we refer to this solution as to a tilted solution.
III. RESULTS
The first subsection is devoted to basic results with particular emphasis on the extension of established knowledge. In the second subsection the calculation and the role of critical frequencies is discussed.
A. Basics
As well known [16] , the PAC rotation of prolate systems leads to triaxial shapes. With increasing rotational speed the change of the shape leads eventually, for a critical frequency Ω
crit , to an oblate shape with the rotational axis coinciding with the symmetry axis. Using the minimising procedure of our model confirms this fact in principle. However, our model allows an easy assessment as to whether the minimum is local or global. It turns out that, for N < 56, the minimum found at Ω
crit is no longer a global minimum, since somewhere in the interval
crit ] another lower lying minimum comes up. As a typical example we consider the celebrated nucleus 20 Ne (since we take into account one kind of particle, this nucleus corresponds to system with ten particles). For Ω = 0 the global minimum occurs for a prolate shape with the configuration (Σ 1 , Σ 2 , Σ 3 ) = (7, 7, 11 The observation, that the onset of an oblate shape is attained at a local and not at a global minimum, prevails for all prolate nuclei with N ≤ 56. When looking at Fig.1 there are the nuclei which have, for Ω = 0, a triaxial shape close to the prolate shape, for instance N = 22, 44, 48, 50. Initially when Ω is switched on, they behave just like the case considered in the previous paragraph in that they reach eventually, at Ω (1) crit , the oblate shape at a local minimum. For a certain value
crit the onset of tilted rotation arises. In other words, enforcing the initial configuration and thus pertaining to the local minimum, the minimum is now found at θ > 0 and possibly φ > 0 while the minimum prevailing within the interval [Ω (1) crit , Ω (2) crit ] for θ = 0 has, at Ω = Ω (2) crit , become unstable, in fact it turns into a maximum in the θ − φ plane. In the following subsection we derive analytic expressions for Ω (2) crit and Ω In contrast, for all oblate (and heavy prolate nuclei) the minima at Ω (1) crit are global as the critical values are sufficiently small. In these cases we therefore view our findings as reliable and physically significant. As is shown in the following section analytically, tilted solutions can occur at Ω
crit , in that once the nucleus has become triaxial for Ω > 0, it attains the oblate shape for Ω = Ω (1) crit , where, for the energy minimum, the rotational axis coincides with the symmetry axis.
B. Bifurcation points
The two critical frequencies, Ω (1) crit and Ω (2) crit , are closely related to an instability of the mean field. When Ω is sweeping beyond the critical value, the mean field changes and may lead to a symmetry breaking. The instability can be identified as a bifurcation point [19] where new solutions that break the symmetry emerge.
As is demonstrated below, they are related to collective vibrations carrying nonzero angular momentum aligned along the symmetry axis. The bifurcation points are defined by the vanishing vibrational frequencies in the rotating frame. That occurs at a discrete set of cranking frequencies given by
where K λ is the angular momentum along the symmetry axis carried by a collective vibration with the energy ω λ .
We treat the collective excitations in the random phase approximation (RPA). The variation in the one-body potential around the equilibrium shape determine the effective quadrupole-quadrupole interaction [20] . As a result, the total Hamiltonian can be presented as
Note that the effective interaction restores the rotational invariance of the the Hamiltonian H 0 in that now 
Here, ω λ is the RPA eigenfrequency in the rotating frame Let us first turn to our numerical findings relating to oblate and/or near oblate cases. In these cases the first critical rotational frequency is associated with a onedimensional rotation. We use Σ 1 < Σ 2 < Σ 3 . Exploiting that at the transition point ω y = ω z = ω ⊥ , we obtain from Eq.(8) a third order equation for u = Ω/ω ⊥ which reads
and r = Σ 3 /Σ 2 . For r < r cr = (
(r cr is obtained from the discriminant of Eq. (12) ) we obtain the three solutions
cos χ = 3 3 2
By their derivation these values correspond to three bifurcation points. Below we demonstrate that the solution with n = 2 is the critical point Ω The quadrupole mode energy ω −2 is a de-excitation of the oblate state, which leads to the state with two units of the angular momentum less than the vacuum state. It vanishes at the point of transition from the non-collective to the collective triaxial rotation, i.e. at
We view the vacuum (oblate) state as a K-isomer state.
In the same vein we ask for the negative signature solution with λ = 1 as these modes are attributed to wobbling excitations. We obtain
When this mode becomes soft it signals the onset of genuine tilted rotation of the nucleus. The mode energy vanishes for
These critical frequencies coincide perfectly with our numerical results. Furthermore, Eq.(18) provides for nuclei which are oblate for Ω = 0 the explanation why they cannot make the transition to the tilted rotation. In fact, for these nuclei r = 1 and hence ψ = π/2 in Eq. (17) . As a consequence, Ω
crit would be zero or rather ω 1 < 0, which means that there is neither an excitation nor a transition for our choice of the configuration Σ 1 < Σ 2 < Σ 3 . In contrast, whenever r > 1, a positive value is obtained for Ω (2) crit , see 
crit are all fairly small in these cases (Ω
crit < 1) since the values for r are close to unity. Consider a rotation around the symmetry axis, i.e. the zaxis. The eigenmodes have a particular simple form [15] and Eq.(8) leads to the nontrivial solution which must satisfy the equation
Setting ω x = ω y = ω 0 ⊥ we obtain the bifurcation point
For Ω > Ω crit the axial symmetry is broken and the system is driven into the domain of triaxial shape under the PAC rotation. This situation is reminiscent of a striking feature established experimentally in the rotating BEC [23] [24] [25] ; there the minimal rotational frequency for nucleation of a vortex occurs at around 0.7ω ⊥ , where ω ⊥ is the mean oscillation frequency of atoms in the x − y plane, irrespective of the number of atoms or oscillation frequency ω z along the z-axis. According to our analysis, the dynamical instability in a nuclear system and in the rotating BEC is of a similar nature, in spite of the different character of the interaction between nucleons (attractive) and between atoms (repulsive). The important aspect is the trapping of either system by the harmonic oscillator potential. For the nuclear system it is the mean field and for the BEC it is the external magnetic field.
For a prolate system the projection K of angular mo-
At the rotational frequency Ω crit =ω K /K one of the RPA frequency vanishes. For the quadrupole phonons with the largest projection K = 2 it is
This mode is the quadrupole excitation having two more units of angular momentum than the vacuum state.
When ω K=2 = 0 the transition from non-collective rotation (around the z-axis) to triaxial collective rotation takes place, i.e. at
which is just the bifurcation point of the mean field in Eq. (20) .
For the K = 1 mode the RPA solution is
The condition ω K=1 = 0 yields the critical frequency at which the onset of the tilted rotation should occur for the prolate system, i.e. at
However, the energy to create this mode of angular momentum 1h is too high, the system rather prefers the PAC rotation around the axis perpendicular to the symmetry axis. Besides, the value of the rotational frequency in 
crit is sufficiently small so as yield a global minimum.
IV. SUMMARY
Within the model considered only nuclei being triaxial in their ground state exhibit tilted rotation at a specific rotational frequency. In fact, the analytic expressions for these critical frequencies obtained in the present paper are in a perfect agreement with our numerical findings.
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APPENDIX A: EIGENMODES
The Hamilton function of Eq.(1) can be written in matrix form
where p and r are combined to the six dimensional column vector { p, r} and
We aim at the quantum mechanical form in terms of boson operators
where we denote by {Q, Q † } a column vector which is the transpose of the vector (
and where
It is instructive to obtain the eigenmode energies from a purely classical calculation. This approach also provides the linear transformation between the Q j and the The matrix M is given by
where I 3 is a 3 by 3 unit matrix. The classical orbits are the solution of Eq.(A.5) which reads
where D = diag(−iE 1 , −iE 2 , −iE 3 , iE 3 The above equation turns out to be a third order polynomial in E 2 and has also been found by [14] . 
